Thermodynamics relates measurable quantities such as thermal coefficients and specific heats. The first law, which implies that the enthalpy is a function of state, yields a relation for the pressure derivative of the specific heat c P . The second law gives a simpler and well-known relation for this pressure derivative. We compare the values of the pressure derivative of c P obtained from the first and second laws to the values obtained from measurements for water at different pressures. The comparison illustrates the scope and methodology of thermodynamics.
I. INTRODUCTION
Thermodynamics is based on a small number of principles and provides a formalism which relates the various thermal coefficients and specific heats for any substance in equilibrium. 1 Examples of typical thermodynamic relations are the reciprocity theorem, arising from the zeroth law, Reech's relation, arising from the first law, and Mayer's relation, arising from the second law. These relations can be summarized as follows.
From the zeroth law, the reciprocity theorem for a PVT ͑pressure, volume, and temperature͒ system states that ␤ϭ ␣ T P ͑reciprocity theorem͒, ͑1͒
where ␤ϵ(1/P)(‫ץ‬ P/‫ץ‬T) V is the relative pressure coefficient, ␣ϵ(1/v)(‫ץ‬v/‫ץ‬T) P is the ͑cubic͒ thermal expansion coefficient, v is the specific volume, and T ϵϪ(1/v) ϫ(‫ץ‬v/‫ץ‬ P) T is the isothermal compressibility. Equation ͑1͒ follows readily from the existence of a thermal equation of state, because
It is interesting to show the validity of Eq. ͑1͒ using only experimental data. A pedagogical example using a rubber strip ͑a tension, length, and temperature system͒ is discussed in Ref. 2 . If Eq. ͑2͒ were not experimentally fulfilled, the system would not be in equilibrium. 3 Equation ͑1͒ can be used to obtain a coefficient such as ␤, which is difficult to measure, from ␣ and T , which are easier to measure. ͑It is difficult in practice to keep the volume constant when the temperature is being changed by heating. ͒ We can derive Reech's relation from the first law, 4 which can be expressed as duϭ␦qϪ P dv, where u is the specific internal energy and q is the ͑specific͒ heat transfer. Reech's relation 5 states that
where c V ϵ(␦q/‫ץ‬T) V ϭ(‫ץ‬u/‫ץ‬T) V and c P ϵ(␦q/‫ץ‬T) P ϭ(‫ץ‬h/‫ץ‬T) P are the specific heats at constant volume and pressure, respectively, the ͑specific͒ enthalpy hϭuϩ Pv, and s ϵϪ(1/v)(‫ץ‬v/‫ץ‬ P) s is the adiabatic compressibility. 6 Equation ͑3͒ implies that the ratio of the specific heats at constant pressure and at constant volume 7, 8 equals the ratio of the isothermal and adiabatic compressibilities. 9 If these quantities are measured independently, we could verify the first law. Equation ͑3͒ can be used to determine the specific heat, c V , which is difficult to measure because of the difficulty of keeping the volume constant.
Mayer's relation follows from the second and first laws and can be expressed as:
is one of the most important relations of thermodynamics. 11 The independent measurement of the coefficients appearing in Eq. ͑4͒ allows us to verify the first and second laws of thermodynamics. We may also use Eq. ͑4͒, instead of Eq. ͑3͒ to obtain c V .
Equations ͑1͒, ͑3͒, and ͑4͒ imply that among the thermal coefficients ␣, T , s , and ␤, and the specific heats c P and c V , only three can be considered independent. For example, if we choose T , ␣, and c P , then c V could be obtained from Eq. ͑4͒ and ␤ and s can be obtained from Eqs. ͑1͒ and ͑3͒.
It is difficult to verify any of the relations, Eqs. ͑1͒, ͑3͒, or ͑4͒ directly, because at least one of the quantities in each relation is difficult to measure. However, we can test experimental data for thermodynamic consistency by considering equations for (‫ץ‬c P ‫ץ/‬ P) T . In this paper, we show how to obtain (‫ץ‬c P ‫ץ/‬ P) T using only the first law. We will arrive at the relation
where the prime denotes differentiation with respect to temperature at constant pressure. If we substitute Eq. ͑4͒ in Eq. ͑5͒, we obtain another relation
is well-known, but Eq. ͑5͒ is not. Note that the latter relation provides an experimental check of the first law. We emphasize that the first law can be verified independently of the second. Thus, we may imagine a hypothetical reversible world where the first law holds but not the second.
In Sec. II we derive these two results, and in Sec. III we compare them using experimental data for liquid water. Some conclusions and suggested problems are given in Sec. IV.
II. THERMODYNAMIC RELATIONS
The first law asserts that measurements of the variations of the internal energy in an isolated thermal system can be reduced to a pure mechanical problem. 12 This statement assumes the existence of adiabatic walls. Furthermore, these variations are independent of the process from the initial to the final state, and thus the internal energy is a function of state.
In practice, the most convenient independent variables are the intensive quantities T and P. 13 For this reason, the enthalpy should be used instead of internal energy. From the first law, we find the following expression relating the derivatives of the enthalpy:
͑7͒
Using the definitions of c P and ␤ and Eq. ͑1͒, we obtain
which may be written as:
Taking the derivative of this expression with respect to the temperature and applying Schwartz's theorem ͑the value of mixed derivatives is independent of the order in which the derivatives are taken͒ to the enthalpy leads directly to
which is the same as Eq. ͑5͒. This result was given in a different form by Max Planck in his classical monograph. 14 In Appendix A, we derive Planck's result and show its equivalence to Eq. ͑5͒. Although Eq. ͑6͒ can be obtained by substituting Eq. ͑4͒ into Eq. ͑5͒, another way of deriving Eq. ͑6͒ is the following. If we combine the second and the first laws, we have
Applying Schwartz's theorem to the entropy, we obtain
͑12͒
Using Eq. ͑10͒, we obtain
This important result may be called the compatibility condition because it equates two different kinds of quantities: a derivative of the enthalpy on the left-hand side and a function obtained directly from the equation of state on the righthand side. Equation ͑6͒ is obtained by taking the temperature derivative of Eq. ͑13͒ at constant pressure.
III. ANALYSIS OF EXPERIMENTAL DATA
In the following we obtain the derivative (‫ץ‬c P ‫ץ/‬ P) T for water using data for the thermal coefficients and specific heats and various thermodynamic relations. We have chosen water because accurate data are available for a wide range of temperatures and pressures. The data in Table I are for liquid water at 101.3 kPa ͑normal atmospheric pressure͒. 15 The data in Table II is for liquid water in the pressure range 50 ϫ10 5 Pa to 200ϫ10 5 Pa. 16 The specific volume, v, and the thermal expansion coefficient, ␣, given in Table I can be measured directly. To obtain T , specific volumes at different pressures are needed ͑see Table II͒. The coefficient s is measured from the speed of sound. The enthalpy, h, and the specific heat, c P , are measured using an electric calorimeter.
On the other hand, ␤ and c V are difficult to measure directly, because the volume of water changes upon heating. It is convenient, therefore, to use, respectively, the reciprocity theorem, Eq. ͑1͒ and Eq. ͑3͒ to obtain them. Table I shows the resulting values for ␤ and c V . In the last column of Table  I we show the values of c V as calculated from Eq. ͑4͒. The values of c V turn out to be the same ͑within 5 digits͒ using either relation. To obtain (‫ץ‬c P ‫ץ/‬ P) T from experimental results at different pressures, we first consider the enthalpies given in Table  II . We used a five point algorithm for numerical derivatives ͑see Appendix B͒ to compute c P ϭ(‫ץ‬h/‫ץ‬T) P for each T and P of Table II . For the range of pressures considered, c P is a linear function of P for each T. To reduce the numerical error in (‫ץ‬c P ‫ץ/‬ P) T , we made linear fits to c P ( P) ͑see Appendix B͒ for each T. The values of c P at atmospheric pressure in Table I are included in these fits. The result is shown in Table III . The values of (‫ץ‬c P ‫ץ/‬ P) T are negative, independent of the pressure. They are displayed in the second column of Table IV , which includes interpolated values for intermediate temperatures.
To compute (‫ץ‬c P ‫ץ/‬ P) T at atmospheric pressure using Eq. ͑5͒, the derivative on the right-hand side with respect to T at constant P may be evaluated from the data of Table I using the same five points algorithm. The numerical derivative on the right-hand side of Eq. ͑5͒, with c V given by Eq. ͑3͒, was taken after the expression in brackets was evaluated. The result appears in the third column of Table IV. Because the experimental data in Table I satisfy Mayer's relation for c V , we can also evaluate (‫ץ‬c P ‫ץ/‬ P) T using Eq. ͑6͒. In this case we have to obtain ␣Ј numerically from ␣ given in Table I . The result for (‫ץ‬c P ‫ץ/‬ P) T , using the five point algorithm, is the fourth column of Table IV . We take the latter result as the standard one because less numerical work is required ͑besides the empirical errors, only the numerical error of ␣Ј is present.͒ The maximum relative deviation of the results for Eq. ͑5͒ relative to Eq. ͑6͒ is 0.6%. However, the maximal deviation between the second and the fourth columns of Table IV is 16% and occurs at Tϭ0°C. These deviations are due to the inaccuracy in the derivatives of h with respect to the temperature ͑the error is bigger at the end points͒, in the linear fits to c P , and in the linear interpolations of (‫ץ‬c P ‫ץ/‬ P) T for intermediate temperatures. A further reason for relying more on the last column of Table   IV than on the other columns is the fact that the enthalpy and its variations are more difficult to measure than the volume and the expansion coefficient.
IV. CONCLUSIONS AND PROBLEMS
We have used experimental data for liquid water to obtain (‫ץ‬c P ‫ץ/‬ P) T using the first and second laws and compared the indirect results to direct measurements done at different pressures. We argued that Eq. ͑6͒ arising from the second law requires less information and gives more accurate numerical results. The two thermodynamic predictions for (‫ץ‬c P ‫ץ/‬ P) T agree very well with each other and reasonably well with the values extracted from experiments at different pressures.
We expect thermodynamic relations to be universal. Because water shows anomalous behavior, 17 testing thermodynamic relations using data on water provides a good test of thermodynamics. Similar data sets for other substances may also be used to check their thermodynamic consistency.
The questions studied here may help students better understand the formalism of thermodynamics. Students often become lost in the mathematical formalism and might not fully appreciate the physical content of the various thermodynamic relations. In contrast to engineering students, physics majors do not make much use of thermodynamic tables so that the connection of thermodynamics to experiment is limited. We think that it is educational to use empirical data and simple numerical methods to analyze it. To this end, we propose three problems for students. Table II 
T Pϭ5 MPa
Pϭ10 Table III . Fits to c P ( P) obtained from c P ϭ(‫ץ‬h/‫ץ‬T) P using the data given in Table II and the values of c P at atmospheric pressure from Table I . 
͒ for water at 101.3 kPa. The second column was obtained from the slopes of the equations in Table III . The third column is obtained using Eq. ͑5͒ ͑first law͒ taking numerical derivatives of data in Table I . The last column is obtained from Eq. ͑6͒ ͑second law͒ using the same table. In the second column, linear interpolation was used for the temperatures not given in Table III Table IV . ͑2͒ From the data of Table II obtain ‫ץ/‪h‬ץ(‬ P) T by fitting values at the same temperature and different pressures. Then evaluate the same quantity at atmospheric pressure from Eq. ͑9͒ ͑first law͒ and from Eq. ͑13͒ ͑second law͒ using the data of Table I . ͑3͒ Insert the compatibility condition, Eq. ͑13͒, in Eq. ͑11͒.
Use a numerical integration algorithm, 19 to integrate Eq. ͑11͒ and construct a table for the entropy s(T, P) from the data in Table II . Take s(Tϭ273.15 K, P ϭ5.00 MPa)ϭ0.0001 kJ kg Ϫ1 K Ϫ1 .
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APPENDIX A: PLANCK'S RESULT
Based on the first law only, Planck established the following relation between thermal coefficients and specific heat:
Here we derive this result and show that it is equivalent to Eq. ͑5͒. Taking the specific internal energy u as a function of the specific volume v and pressure P, we may write
͑15͒
From duϭ␦qϪ P dv, we obtain
Taking derivatives of Eqs. ͑15͒ and ͑16͒ and applying Schwartz's theorem, we obtain
͑18͒
By applying Schwartz's theorem to TϭT( P,v), we obtain Planck's result ͑14͒. Now we use T and P as independent variables to verify that Eq. ͑18͒ is equivalent to Eq. ͑5͒. From the definitions of ␣ and T and Eq. ͑1͒, we have
and the left-hand side of Eq. ͑18͒ becomes
On the other hand, we have
and the right-hand side of Eq. ͑18͒ is
Ϫ1. ͑23͒
If we equate Eqs. ͑21͒ and ͑23͒ and reorder terms, we obtain Eq. ͑5͒.
APPENDIX B: NUMERICAL METHODS
Given N data points for the quantity y(x), the derivative dy/dx can be obtained numerically by using the five point algorithm: Ϫ96y NϪ1 ϩ50y N ͒.
The algorithm also applies to partial derivatives. This algorithm was implemented using Excel. We used the analytical equation of state of Thomsen and Hartka 21 to estimate the error for ␣Ј at Tϭ0°C and P ϭ101.3 kPa. For a temperature step of 10°C, the result Table V ␣Ј(Tϭ0°C)ϭ16.0001ϫ10 Ϫ6 K Ϫ2 obtained with the five point algorithm is accurate to within 2ϫ10 Ϫ10 K Ϫ2 . Excel was also used to fit data for c P ( P) to a straight line ͑linear regression͒. The use of spreadsheets is appropriate for the type of analysis presented in this paper and requires only modest knowledge of computer programming.
